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Explicit Frequency Shaping is a numerical coning algorithm design process based on least-squares minimization
of algorithm error over an expected coning environment frequency range. In its original published form, the Explicit
method was formulated based on error-free gyro data. This paper extends the Explicit concept to include
compensation of coninglike dynamic errors (pseudoconing) present on the algorithm inputs. Examples are provided
for cases where pseudoconing is an analytically definable function of gyro dynamic response and when it is an
ill-defined high-frequency presence that may potentially exist on gyro outputs. Numerical results are presented
comparing the new Extended Explicit technique with previous Explicit and Taylor frequency-series expansion-based

coning algorithm design approaches.

Introduction

ODERN strapdown inertial navigation system (INS) compu-

tation algorithms apply a coning correction to sensed gyro
outputs in the attitude updating process. The analytical basis for
many coning correction algorithms is optimum performance in a
pure coning environment as originated by Miller in 1983 [1] and
refined by Ignagni in 1990 and 1996 [2,3]. Algorithm coefficients
were based on a truncated Taylor series expansion of the desired
algorithm response in powers of coning frequency. Each of the
aforementioned approaches were based on operation with error-free
gyro inputs.

The coning correction design methodology used in [1] differs from
that of [2,3]. In [2,3], the coning correction was derived for a pure
unconstrained coning environment as an approximation to the
integrated coning portion of the Laning rotation vector rate equation
[4] over an attitude update cycle. The coning portion is that part of the
rotation vector rate generated by rotation of the strapdown gyro
sensed angular rate vector (the analytical definition of coning
motion). In the absence of coning motion, a body will rotate around
the angular rate vector with the rate vector components maintaining a
constant angular orientation in both body fixed and nonrotating
inertial axes. An unconstrained pure coning environment is defined
as the condition where two orthogonal axes in a rotating body
experience sinusoidal angular rate oscillations that are mutually
phase shifted by 90 deg. Under this condition, the angular motion of
the third body axis will trace a conical surface in inertial space
(coning motion) with cone half angle equal to the integrated angular
rate input amplitude, and with frequency around the cone (coning
frequency) equal to the input rates oscillation frequency. Simulta-
neously, the angular rate vector will rotate in body axes at the angular
rate oscillation frequency, and the body will develop a constant
inertial attitude rate component (coning rate) about the cone axis with
magnitude per angular rate oscillation cycle equal to 7 times the
square of the integrated angular rate magnitude.

In contrast with the [2,3] unconstrained-coning-motion/
integrated-rotation-vector-coning-rate approach, the coning correc-
tion in [1] was designed for constrained pure coning motion as the
body axis rotation vector producing attitude change minus the
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corresponding integrated gyro sensed angular rate. A constrained
pure coning environment is defined as the condition where the
average total rotation rate of a body in inertial space is constrained to
zero while two orthogonal axes fixed in the body are experiencing
sinusoidal angular rate oscillations that are mutually phase shifted by
90 deg. Constrained coning motion is created by simultaneously
applying a constant angular rate about the third body axis equal to the
negative of the previously defined coning rate. Coning correction
algorithm coefficients designed using the [1] approach are identical
to those of [2,3] for error-free gyro inputs.

In 2001, Mark and Tazartes [5] extended the [1] frequency-series
design approach for constrained coning motion to include compen-
sation for coninglike dynamic errors on the angular rate input to the
attitude updating process caused by dynamic shaping on the
strapdown gyro data. This was achieved based on a hypothesized
constrained coning environment for which the oscillatory rate com-
ponents were the actual sensed orthogonal angular rate inputs (i.e.,
including the gyro dynamic shaping transfer function gain at the
oscillation frequency). As in [1], the coning correction was designed
as the body axis rotation vector producing attitude change minus the
corresponding integrated gyro sensed angular rate. Unlike [1],
however, attitude change was defined to be the hypothesized (not the
actual) constrained coning motion with corresponding integrated
gyro sensed angular rate defined as the actual measured gyro output
rate (but using unity for the dynamic transfer function gain on the
constant third gyro output as would be generated under actual
constrained coning). The coning correction algorithm would then
create a constrained coning motion solution in a strapdown system
computer when using gyro data containing dynamic error under
actual constrained coning motion.

In 2010, the author introduced an Explicit Frequency Shaping
concept for coning correction algorithm design [6] based on mini-
mizing algorithm error in a least-squares sense over a user specified
coning frequency range. As in [2,3], the [6] approach was based on
error-free gyro inputs in an unconstrained coning environment. This
paper describes an extended version of the [6] approach designed to
accommodate gyro inputs containing general coninglike errors
(pseudoconing). As in [2,3,6], the extended Explicit approach is for
optimization in an unconstrained coning environment. In this case,
however, optimization is based on generating a true solution for
the total inertial attitude change over an attitude update cycle.
References [2,3,6] were based on achieving a true solution for the
integrated coning portion of the body axis rotation vector rate over
the attitude update cycle. As will be shown subsequently, the latter
approach is not applicable to gyro inputs containing pseudoconing
whereas the former applies to inputs that may or may not contain
pseudoconing.


http://dx.doi.org/10.2514/1.51600

SAVAGE 775

Design Approach for the Extended Explicit
Coning Algorithm

In astrapdown INS, the angular orientation (attitude) of the inertial
sensor assembly is typically represented as a direction cosine matrix
or quaternion, computed as an integration process from gyro sensed
angular rate data. For a direction cosine implementation, the attitude
rate of change is given by the following well-known differential
equation ([2] and [7] Sec. 3.3.2):

€ = C(wx) (1)

where C is a direction cosine matrix representing attitude relative to a
reference coordinate space (e.g., inertial nonrotating), @ is the
strapdown gyro sensed angular rate vector, and for an arbitrary vector
V, the skew symmetric operator (V x) is

0 - VZ’ Vy
Vz 0 - Vx
-V, V, 0

composed of V components.
For attitude updated at an / cycle computation rate, the integral of
Eq. (1) at each / cycle can be represented as

AC(H) = [ "0y + AC@X) dt = C1_y (@(h)x)
+ /t AC(7)(wx) dt

13
o) = / wdt  AC=AC(H) C=Co, +AC @)
1-1

The analytically equivalent algorithmic version of the total attitude
change AC; in Eq. (2) is the well-known form ([6] and [7]
Sec. 7.1.1.1)

AC; = Cp[f1(9)(g,x) + f2(¢1)@,><)2]
2(i—

s1n¢ i
190 ==g==2 D" iy

¢2(z
2i)!

1
5, ~ /l %g(z) X wdt
1y

1
fa(p) = ¢*12(1 —cos¢) = Z(_l)z 1
i=1
?l = + 891

a() = / "wdr w=al) 3)

where ¢, is a rotation vector representing the change in sensor
assembly attitude (in body axes) over an / cycle and 8¢, (computed as
an approximation to the integrated coning portion of the [4] rotation
vector rate equation) has been denoted as the coning correction to the
integrated gyro sensed angular rate increment ¢;. For a quaternion
formulation, ¢, is used similarly to update the quaternion. [Note:
[2,3,6,8] and [7] Sec. 7.1.1.1, show how the coning correction 8¢ in
Eq. (3) can be calculated at the [ rate and then used, with no loss in
accuracy, to update attitude at slower than the / rate through a two-
speed computation structure. ]

Now consider a general unconstrained-coning-motion situation
having axis a and b angular rate oscillations:

= u,bth, 2 cos Qt + u,0,, Q2 sin Q¢ 4)

where u, and i, are mutually orthogonal body fixed unit vectors, and
6o, by, are oscillation angular amplitudes about axes i, u;,. The 3¢,
term in Eq. (3) accounts for the Eq. (4) type coning motion in the C
matrix updating process as a correction to ¢; gyro data along body
fixed axis u,. orthogonal to axes u,, and u,,. The object of this paper is
to design an algorithm for 8¢1 that accurately accounts for true coning

motion in the attitude updating process, but using Eq. (4) gyro data
containing coninglike dynamic errors (pseudoconing).

The [2,3,6] coning correction algorithm design approach was to
generate a true value for 8(;5[ in the presence of Eq. (4) coning motion
and error-free gyro data. For gyro data containing pseudoconing
error, the fallacy in this approach is that it neglects to correct for u,
and u;, axis dynamic error in the g, portion of ¢, which then
multiplies C,_; in Egs. (3). Because C;_; also contains u, and u,, axis
dynamic error (from previous AC; summing), its product with the ¢;
errors generates additional u,. axis pseudoconing. To also
compensate for C;,_; «; product error, the coning correction must
be designed to generate a true value for the total attitude change in
inertial space [e.g., AC, in Egs. (3)] as described next.

Analytical Basis for the Extended Coning Algorithm

For the following analysis purposes, total attitude C will be
represented as a rotation vector W. For small magnitude angular
motion, the rate of change of W [analogous to Eq. (1)] can be
represented by the following approximate form of the [4] rotation
vector rate equation:

b0~ o+ U0 xoxe A0 xe A0 = [ o
©

For attitude updated at the / cycle computation rate, the integral of
(1) in Eq. (5) at the  cycle update times is

AW() = / [@ +3A@) x Q] dr=a() + / JA®) x wdr

t—y
1 t
A() = / wdr o) = / wdr
0 1y

AW, = AY(t) v, =Y., +AY (6)

Under Eq. (4) angular rate, it is easily shown analytically from Eq. (6)
that the attitude change AV, is given by

AW, = u,0, (sin Qt; — sin Q1,_,) — u,,0, (cos Qt; — cos Qt,_;)

in Q1 — sin Q1
_sin Q¢ —sin H)T, o

D)1
+ b —

with
. 1
d(Q) = 5990“ 6o, 8)

where Ci)(Q) is the coning rate. As should be apparent from Eq. (7),
d(Q) represents the average total attitude rotation rate induced about
the u. axis due to the Eq. (4) oscillatory angular rate components
about axes u, and u,.

Using the algorithmic structure in Eq. (3) as a guide, the
analytically equivalent form of AW, is from Eq. (6):

1 -1
AV =cA X+, A= Zg
-

a(t) = / l wdt o =a(t)

o1
b=c+dg,  p= [ Jat) o ©)

Under Eq. (4) motion, it is readily shown from Eq. (9) that

a; = u,b, (sinQt; —sin Qt;_;) — u, 0, (cos 2t; — cos Qt;_;)

Ay = u,0y, sin 2ty + 1,0, (1 — cos Q1,_;)
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which when substituted in Eq. (9) finds for the algorithmic form

AV, = u,0, (sin Qt; —sin Qt;_;) — u,0, (cos Qt; — cos Qt;_;)

+ ﬂcd’(Q)(

sinQ27;  sin Qt; — sin Q2t;_;
QT QT

)T,+591 (10)

We identify Eq. (10) as the solution generated in the system
computer using real gyro data (including errors) and Eq. (7) as
representing a true solution based on error-free gyro inputs. For
clarity we adopt the following distinguishing notation for Eqgs. (7)
and (10) with (4) and (8):

AgTrue, =1UuU, QOTruel, (Sin Qt! — sin Qtl—l)
— U O0Trye, (COS 21, — cos Q1)

sin Qt; — sin Qt,_,)

e S A

QT (D

+ 1t D1 (R) (1
with
WDrrye = Uq GOTrue‘, Q cos Q1 + up GOTrue;, 2 sin Q1

. 1
(I)True (Q) = E S-200Truel, 60Trueb (12)
and

AWy, = UaOocyro, (3N 22, — sin Q1))
— U,00Gyr0, (COS Q1 — cOs Q21,_4)
sin Q7T, sinQt; — sin Q¢
Qr, Qr,

+ Ecchyro (Q)( )T[ + 5QGyroz a3

with
QGyro =U, QOGyroU Q cos Qt + ZbGOGyro,, Q sin Q1

. 1
q)Gyro (Q) = E Q GOGyroa 90Gyro,, ( 14)

where True and Gyro designate computational forms using idealized
error-free inputs (True), and those using real gyro inputs (Gyro)
containing pseudoconing dynamic errors.

For future use we will also write

chyro(Q) = éTme(Q) + dDPseudo(Q) (15)

where ®p,.,q,(2), the pseudoconing error in the Egs. (14) @Gym(Q)
coning rate, is defined in general as caused by gyro errors having the
same frequency/phase characteristics as the Eqgs. (12) true angular
rate Wry,, but containing erroneous elements. Note from the form of
beym(Q) in Eq. (14) that pseudoconing can be caused by combined
u, and u,, axis erroneous angular rate components, or by a u, or i,
axis error coupled with true angular rate component in the other axis
at the same frequency (with 90 deg phase shift). It is to be noted that
this pseudoconing definition is broader than sometimes used
whereby it has been identified as high-frequency coning error created
by imperfections in the gyro and sensor assembly mechanical design
(e.g., structural resonances excited by external vibrations [5] or by
functional internal vibrating elements in some modern day gyro
implementations, e.g., mechanical dither in laser gyros [9]), rather
than analytically definable dynamic response characteristics inherent
in the gyro mechanization or from intentionally added filtering to
gyro outputs [5]. To distinguish between the two pseudoconing
effects we define

(b Pseudo (Q) = qBPseudoAnllc (Q) + q.)PseudoHiF (Q) ( 1 6)

where (bpseudoAnhc (2) is analytically definable pseudoconing and
ipseudoﬁiF(Q) is ill-defined generally high-frequency pseudoconing.

Based on the earlier discussion, the design requirement for the
coning correction algorithm is to generate a &;_SGym[ value in Eq. (13)

that will produce a AW, solution using real gyro data whose
summation buildup rate in attitude will equal the Eq. (11) true
AWy, summation buildup rate. From Egs. (11) and (13) we see that
the only terms generating an average summing attitude buildup rate
are the leading u, axis terms (as in [1-3,5,6]); the others generate
cyclic bounded oscillations when summed. Thus, we specify that
SQGym/ be set to equate the constant components of Eqs. (11) and

(13). With rearrangement the result is

8¢

LGyro,

. . sin QT
=U (®True (Q) - q)Gyro (Q) Wll) T, (17)

Equation (17) would be used as the design basis for coefficient
determination in a frequency-based coning correction algorithm for
the d'DGym(Q) input expected in the user application. The resulting
coefficients will then generate a true attitude solution in the presence
of @Gym(Q) coning on gyro inputs (true plus pseudo) for that
application.

For the real gyro data case addressed in [5], the coning rate content
of the gyro output ®gy, () is F(2)>Prye () where F(S2) is the
dynamic transfer function of a filter applied on the gyro input to the
attitude updating algorithm (defined as the ratio of filtered to
unfiltered amplitude responses to sinusoidal inputs at frequency €2:
see Appendix for example). Equations (15-17) show that this
corresponds to

D prendornic () = (F(Q)? — 1) Py (Q) (18)
00,0, = bre@ (1= F@P T 19

which agrees with the [5] result. This is significant because it also
demonstrates the equality between the [5] solution based on
constrained coning motion and Eq. (17) based on unconstrained
coning. For the error-free gyro case addressed in [1-3,6], the coning
rate content of the gyro output @Gym(ﬂ) is ®,,.(€2). Substitution in
Eq. (17) yields the [1-3,6] result

8¢

LGyro,

. sin QT;
= O () 1 — T 20
True( )( QT[ ) 1 ( )

Note also as in [2,3,6], that Eq. (20) is the analytic solution for §¢, in
Egs. (9) using Eq. (4) for angular rate w(r) and <i>($2) as defined in
Eq. (8) for ®r,e ().

Designing Frequency-Based Coning
Algorithm Coefficients
Frequency-based algorithms for the 8@ coning correction have
had the general form [2,3,5,6]

N1
t
S?Algo, = (Zl: CxAQk—x) x Agy  Agy = /t “odt 2D

k—1

In an Eq. (14) coning environment it has been recognized ([2,3,5,6]
and [7] Sec. 10.1.1.2.2) that the Agk__s x Ag, terms in Eq. (21) are
directed along u, with magnitude 2®,,,(2) f(8) T, where

_ . sinsB sin(s — 1)B sin(s + 1)B
fo(B)=2s B _(S_I)W_(S+I)W
= Qr, (22)

with T the sensor sample time interval from ¢,_; to t;, and B a T}
normalized frequency parameter. Thus, &¢ Algo in Eq. (21) is
— 1

equivalently
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N—1
88 5150, () = 1206 (DT Y Cof () (23)
s=1

The desired output from the Eq. (21) coning correction algorithm
is ‘Sfcyro, from Eq. (17), or in normalized B frequency format

) . in(L
00,0, = e Prne() = @ T i 2

where L, (the number of k cycles in an / cycle) is the ratio of k cycle
sensor sampling to / cycle coning correction computation intervals
(Ly =T,/T,). We define the coning correction algorithm design
EITOT €cone, (£2) as the u, component difference between the Eq. (23)
algorithm output and the desired Eq. (24) response:

N-1
eCone/ (Q) = [Zd)Gyr(x(Q) Z C.rf.v (ﬂ)

- (q'DTmc(Q) - (i)Gyro(Q) W)Lkl] Tk (25)

Minimizing ecne, (€2) in Eq. (25) has in effect been the design
basis for previous frequency-based coning correction algorithms.
The series expansion design method [1-3,5] expands Eq. (25) as a
Taylor series in powers of normalized coning frequency and then sets
the algorithm C; elements to null the Taylor series expansion
coefficients. The ey, (€2) errorin Eq. (25) is thereby equated to zero
for the number of terms carried in the series. The series is truncated so
that the number of terms carried matches the number of terms (and
coefficients) used in the coning algorithm. The result is a set of null
equations for the Taylor series coefficients that are solved
simultaneously to determine the algorithm C| coefficients. In [1-3],
the Taylor series expansion process is simplified because @Gym(Q)
equals CbTme(Q), hence, both are eliminated from the expansion
process upon setting Eq. (25) to zero. In [3], <i>Gym (2) is proportional
to CiDTme (2), hence, the frequency-based proportionality factor
d'>Gym(Q) / @True(ﬂ) becomes part of the expansion process, adding
analytical design complexity. Additionally, if high-frequency
pseudoconing is included in the d'DGym(Q) definition, more terms
may be required in the Taylor series expansion for accurate
modeling. In contrast, the Explicit Frequency Shaping method for
minimizing Eq. (25) [6] provides the advantage of not requiring
analytical design for coefficient determination; only specifications
for the d’oym (2) and dDTrue (2) profiles which are retained as a means
for weighting ey, (§2) in the minimization process.

Extended Explicit Coning Algorithm Coefficient Design

Following the Explicit Frequency Shaping design methodology in
[6], the C coefficients are designed to minimize Eq. (25) in a least-
squares integral sense over a user selected frequency range. The error
to be minimized is z, the integral of ec,, (€2) squared over a user
specified B frequency range Brange:

B=Brange B=Prange [ _ . Nl
o= [ e (@F a5 = [ﬂ 0 [2¢Gym<m S C.hB)
= s=1

LuB

Minimizing Eq. (26) takes the partial derivative with respect to
each C, and equates each to zero:

- (d)True(Q) - éGym(Q) Sin(Lk]ﬂ))Lklerl% dﬂ (26)

B=Brange - . Nl
/ﬁ ey @)1, () [2<I>Gym(sz) S Cf ()
s=1

=0

- (émc(sz) ey (@) W)LM] =0

or

e ( /:ﬂ 286,10 (£ (B)f.(B) dﬁ)

s=1 =0

B=Prange - .
- [ <I>Gym(sz)f,(ﬁ)(<bme(sz)

sin(Ly,B)
LyB

— Do (Q) )Lkl dp @7

Defining terms

B=Prange _ -«
. /ﬁ 26, (), (B)f(B) AP

=0

B=Prange - .
b, / d>Gym(sz>f,(ﬁ>(d>me(sz)
B

=0

. sin(L
) 4 ) 408 (8)
LB
then gives
AC, =D (29)

where A is an N — 1 by N — 1 square matrix formed from a,,
elements, C, is a column matrix whose elements are the C;
coefficients, and b is a column matrix formed from the b, elements.
Rearrangement of Eq. (29) provides the C, coefficients:

C,=A""b (30)

Equations (30) for C; is then used in Eq. (21) to compute the coning
correction term 89 Algor” Equation (15) and (16) would be used for
q>Gyro(Q) in Eq (2_8)

The previous development was based on Explicit coefficient
optimization under specified discrete coning vs frequency con-
ditions. As in [6], the technique can be extended to also cover
stochastic angular rate environments in which coning might be
present (e.g., coning generated by a linear random vibration source
that induces correlated angular motion about two orthogonal angular
rate sensor axes):

ol . N-1
Blecwe) = [ [2<1>Gymm<9)(2 CJ. (/3))

sin(Ly,B)
Lyp

where E() is the expected value operator and (i)TmeDens (), <i>GymDens
are density functions for true and gyro output coning of the sensor
assembly such that the expected values of @Tme (2) and CbGym (2) are
given by

- ((bTrueDens(Q) - d)GyroDens (Q) )Lkl:| dﬂ (31)

E(q.DTrue) = / <i>TrueDens (Q) dQ2
’ (32)

E(q.DGyro) = /(; q'DGymDens (Q) dQ

Depending on the relative phasing of the correlated angular rate
sensor responses between axes, @Dens (€2) will vary in magnitude and
polarity as a function of 2. The relative phasing is not easily
predictable, making it difficult to evaluate Eq. (31) analytically. On a
worst-case basis, Eq. (31) can be evaluated (as in [6]) by assuming
phasing that maximizes E(ecop,). Then Eq. (31) becomes

N-1

_ B q.)G roDensMax (Q)
E(eCone,) - [; 'ZYT (; ijé(ﬂ))

(dDTmeDensMax(Q) CbGyroDensMax(Q) Sin(Lk]ﬂ)) L
- - kl
Tk Tk Lkl /3

An optimum set of C, coefficients can be defined as those that
minimize E(ecope,) in Eq. (33). Because Eq. (33) is nonlinear in C;,

T, df (33)
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there is no simple analytic method for evaluating the optimum
coefficients, thereby requiring a numerical optimization method as a
substitute. Alternatively (as in [6]), an analytically definable set of
optimum coefficients can be generated as those that minimize the
square of the Eq. (33) integrand over a design frequency range. Then
the parameter to be minimized is z given by

ﬁ:ﬂRL\"EC q)G roDenstx(Q)
St YT(ZC 7®)

=0

_ (q}TrueDensMax (Q) _ q}GyroDensMax (Q) Sin(Lklﬂ)
Tk Tk Lkl ﬁ

Comparing Eq. (34) with the Eq. (26) z expression minimized for
optimum C; under discrete inputs, we see that the minimization
problems can be made equivalent by equating D rrepens () and
d)Gyr()Dens in Eq (2_6) to

d) True (Q) = ci>TrueDensMax (Q) / Tk
<i>Gyro (Q) = (i)GyroDensMax (Q ) / Tk

With this substitution, the Eqgs. (28) and (30) extended Explicit
coefficient formulas can be used to optimize coefficients for a

stochastic angular rate environment. The @GymDeusMax(Q) value for
Egs. (35) would be obtained analogous to Eq. (15) with (16):

= dDTrueDensMax (Q) + ci>PseudoDensMax (Q) (36)

)Lkl] ZTJ% dg (34

(35)

d) GyroDensMax (Q)

= éPseudoDensMa\xAnltc(52) + éPseud()DensMaxHiF(52)
37

® PseudoDensMax (Q)

where CbpseudoDensMaX Anie (§2) s an analytically definable coning rate
density and épscudoDcnsMaxHiF(Q) is an ill-defined generally high-
frequency pseudoconing density. For the filtered gyro data case
addressed in [3], the analytically definable pseudoconing density
would be computed similar to Eq. (18):
o PseudoDensMaxAnltc (Q) = [F(Q)z - l]QTrueDensMax(Q) (38)
For confirmation of acceptable results, algorithm coefficients
derived with Egs. (35-37) in Eq. (28) and (30) should be tested using
the Eq. (33) worst-case formula. For this purpose, a more meaningful
version of Eq. (33) is E(écone), the average expected error rate over an
[ cycle defined as E(ecop,) divided by the I cycle time period 77:

E(écone) = E(econe,)/Ti = E(econe,)/ (Lt Ty)
2 chymDensMax (Q)
= e C
A i T Z (B
8¢ Q
_ 8¢6yroensiiax (€2) dB 39)
Tk
with
j i : sin(Ly
8¢GYT°D3“5M3X(Q) = CDTrueDensMax(Q) - q)GyroDensMax(Q) l(z—l‘éﬂ)
kl
(40)

where StﬁGyr(,DensMax(Q) is a density function for the desired coning
correction algorithm response in a random environment (based on
the general formulation in [7] Sec. 10.4.1) for which E(8¢gyyo, ), the
expected value equivalent to Eq. (17), would be

E(8¢Gyr0,) = A‘ |&i)GyroDensMax (Q) | TI dQ (4 1 )

For design purposes it is also useful to define the average desired
algorithm response rate E(8gyr,) as the I cycle Eq. (41) expected
value E(8¢gyr,) divided by T):

E(&ISGyro) = E(8¢Gyr0,)/Tl =

o0 8¢;GymDensMax(Q) ’
——d 42
[ e @ lgg

Evaluating Extended Explicit Coning
Algorithm Performance

Extended Explicit coning correction algorithm performance was
evaluated for the paper under discrete and stochastic coning con-
ditions as described next.

Coning correction algorithm output rate in a discrete coning
environment §¢ Algo Was evaluated as the average algorithm response
to gyro inputs, calculated as the u,. component of the Eq. (23) coning
correction / cycle algorithm ¢ Algo, (R2) divided by the I cycle time
period T;:

N-1
5‘ZBA1gn(Q) = 2(i)GyroEval(Q)Tk (Z Csfx(ﬂ)) /Tl
s=1

2 . N—1
= ? q)GyroEval(Q) (Z Csfs (:3)) (43)
ki s=1

where d.DGymEvﬂl (2) is the gyro output coning rate used for perform-
ance evaluation (as contrasted with CbGym(Q) used for Explicit
algorithm coefficient design). The Eval notation in Eq. (43) allows
for differences in coning rate values used for performance evaluation
and coefficient determination. Similarly, <i>GymEval (£2) was calculated
as in Egs. (15) and (16):

d) GyroEval (Q) = ci)TrueEval (Q) + q‘)PseudoEval (Q) (44)
d) PseudoEval (Q) = q.)PseudoEvalAnltc (Q) + d>PseudoEvalHiF(Q) (45)

Algorithm error for a discrete coning environment was evaluated
as the average error buildup rate éc,,(2) defined as ey, (€2) in
Eq. (25) divided by T;:

N-1

Ccone(Q) = — <I>GymEval(sz) Z C,f,(B)
- (chrueEval(Q) - q.DGyroEva](Q) W) (46)

For a stochastic coning environment, the expected algorithm error
rate E(écqe) Was evaluated similarly based on Egs. (39) and (40)
with (36) and (37):

Elécume) = [

_ 6¢GymDensMaxEval (Q) d

2 q)G roDenstxEval( )
2 Dttt 20 (Z c.r.)

47
T, (47)
&i’GymDensMaxEval (Q) = <i)’l'rueDensMaxEval (Q)
. sin(L
- q>GyroDensMaxEval(Q) M (48)
Lklﬁ

= <I>TmeDeusMaxEval(Q) + qDPseudoDensMaxEval(Q)

(49)

[\ GyroDensMaxEval (Q )

q)PseudoDensMaxEval (Q ) = ¢Pseud0DensMaxEvalAnllc (Q )

+ q-)Pseud()DensMaxEvalHiF(Q) (50)
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Numerical Examples: Algorithm Coefficient Design

To illustrate the characteristics of the Extended Explicit compared
with original Explicit and Frequency-series designed coning correc-
tion algorithms, seven algorithm configurations were evaluated, each
(as in [6]) having N = 4 (four sequential A samples in the ¢ Algo,
calculation), L;; = N (coning correction computation / cycle rate N
times slower than the sensor sample k rate such that all Aa samples
for 8¢ Algo; determination are contained within the current / cycle),

and T; = 0.001 s (1 KHz gyro sampling rate):

1) EXplDscrt-Extended Explicit (EXpl) with coefficients
designed for gyro output filtering in discrete (Dscrt) coning
environments.

2) EXplRnd-Extended Explicit (EXpl) with coefficients designed
for gyro output filtering in random (Rnd) coning environments.

3) EXplRndwCtf-Extended Explicit (EXpl) with coefficients
designed for gyro output filtering and high-frequency pseudoconing
response cutoff (wCtf) in random (Rnd) coning environments.

4) Mk/TzFSr-Mark/Tazartes frequency series with coefficients
designed as in [3].

5) TrdXplDscrt-Traditional Explicit (TrdXpl) with coefficients
designed for true gyro inputs without pseudoconing in discrete
(Dscrt) coning environments (as in [6]).

6) TrdFSr-Traditional frequency-series with coefficients designed
for true gyro inputs without pseudoconing (as in [1-3]).

7) Bas-Baseline (Bas) reference configuration with zero for coning
correction coefficients.

Extended Explicit algorithm designed coefficients were based on
having a [5]-type moving average filter (see Appendix) on the gyro
data input to the algorithm with transfer function

F(82) = sin(QT,/2)/ (2T/2) (51)

and analytically definable pseudoconing in Eqs. (16) and (37) set as
in Eq. (18) to

(iDPseudoAnllc(Q) = [F(Q)z - l]q}True(Q)
dDPscudoDcnsMaxAnllc(Q) = [F(Q)2 - l]d)TmchnsMax (Q) (52)

The Mk/TzFSr coefficients were taken from [5] as calculated for
the Eq. (31) gyro data filter.

For the Explicit discrete environment designed coefficients
(EXplDscrt and TrdXplDscrt) using Egs. (15) and (16) in Egs. (28)
and (30), Dy (2) was set to unity for B/ from 0 to 0.2, and zero for
B/m greater than 0.2, thereby approximating the true coning region
expected for a vibration isolated sensor assembly with imbalance and
a 50 Hz = 1007 rad/s linear resonance frequency (i.e., /7 = 0.1
for T;, = 0.001 s). (Note: [6] describes how a CbTruc(Q) analytical
model can be easily constructed for a sensor assembly that includes
isolator imbalance resonance and maneuver induced coning effects.)
Additionally, Br,ne Was set to 77 and (.DpseudOHiF(Q) was set to zero.

For the Explicit random environment designed coefficients using
Eqgs. (35-37) in (28) and (30), D rrueensvian (§2) /T, was as shown in
Fig. 1 (taken from [6]) representing the coning spectrum for a
vibration isolated sensor assembly with a 50 Hz linear resonance
frequency and 2% isolator imbalance under a 7.6 g root-mean-square
(rms) broadband random vibration exposure (3.6 gs rms into the
gyros). Corresponding to the selected D rrueensvar (§2) /Ty profile,
Fig. 1 includes a plot of |8q50yr0DensMax(Q) /Ty| calculated using
EqS~ (4_0)’ (E)y (3_7)’ (ﬂ)’ and (5_2) fOI' q)PseudoDensMaxHiF(Q) il’l
Eq. (37) set to zero. The associated desired expected coning
correction algorithm rate E (Sd.)Gyro) is 0.4138 deg /h, the integral of
|8 Gyropensviax ($2)/ T | in Fig. 1 as indicated from Eq. (42).

The EXpIRnd coefficients (designed for random environ-
ments) are based on zero for high-frequency pseudoconing
DPpendopensiaisic (). In - contrast, the EXpIRndwCtf random
environment coefficients are designed for the presence of a
hypothetical high-frequency pseudoconing component as a means
for attenuating high-frequency response to potential pseudoconing

1.E+02 3

PHI Dot True Dens
= delta phi dot gyro dens

1.E+00 /\

1.E-01 // \\

1.E-02 _ |
il ~

1.E-03 T — T T
0.09 0.05 0.10 . 0.15 0.20 0.25
Fig' 1 q>T[‘u(:DcnsMax (ﬂ)/Tk and 6¢Gyr0DensMax (Q)/Tk in [(deg /h)/
(rad/s)]/s vs B/=.

1.E+01 4 -

error (a conservative design practice). As such, @PseudoDemMaxHiF(Q)
was represented as constant for frequencies higher than a specified
start-up frequency /7 = 0.335 pirads (i.e., 168 Hz), the frequency
in Fig. 1 where integrated |5</'>GymDensMaX (Q)/T,| (i.e., a portion of

E(Sq'ﬁcym) using Eq. (42)) was within 0.0002 deg /h of the fully
integrated 0.4138 deg /h value. This corresponds to 2% of the
0.01 deg /h gyro accuracy requirement in a typical aircraft INS, a
conservative design specification for the coning algorithm error.
Similarly, the magnitude of ipseudoDensMaxHiF(Q) was set to
0.00221[(deg /h)/(rad/s)]/s to limit the Eq. (39) expected error
E(écone) to less than 0.0002 deg /h.

Coefficients for the seven coning correction algorithms are
presented in Table 1.

Numerical Examples: Coefficient
Performance Evaluation

All performance data obtained were calculated for filtered gyro
inputs using the same evaluation equations and associated evaluation
software program. The only factor distinguishing one algorithm’s
performance from another was the numerical value of their Table 1
coefficients (although they were determined using different design
methodologies). Thus, the performance data presented in this paper
(and in [6]) can also be interpreted as a simple comparison between
performance obtained using different numerical values for coning
coefficients, regardless of how they were generated.

For Table 1 algorithm coefficient performance evaluation in
discrete environments, algorithm response 8¢') Algo (§2) Was calculated
using Eq. (43) with d’GymEval(Q) set to unity (normalized) over all
frequencies; algorithm error éc,. (€2) was calculated using Eq. (46)
with @TrueEval(Q) set to unity (normalized) and analytical
pseudoconing error épseudo Antie (§2) set as specified in Eq. (52) with
Eq. (51) (i.e., the value used for EXplDscrt and Mk/TzFSr Table 1
coefficient design). Expected algorithm error in a random
environment E(éc,,.) was calculated for the Table 1 coeffi-
cients llSil’lg EqS (4_7) with (i)GyroDensMaxEval(Q)/Tk and
&ﬁGymDensMaxEval(Q) /T from Fig. 1 (which includes Eq. (52) with
(581) for d’PseudoDensMaxEvalAnnc (£2), the design basis for the EXpIRnd
and EXpIRndwCtf Table 1 coefficients). For all discrete and random

Table 1 Coning correction algorithm coefficients

WN=4,L,=4)

Coning algorithm Cl C2 C3
EXplDscrt 2.39137  0.75633  0.53201
EXplIRnd 2.39126  0.75646  0.53196
EXplRndwCtf 1.37429  1.58186  0.32110
Mk/TzFSr 2.36892  0.77487  0.52712
TrdXplDscrt 2.04932  0.86692  0.51673
TrdFSr 2.03810 0.87619  0.51429
Bas 0 0 0
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environment performance evaluations, high-frequency pseudocon-
ing components Ppgeygovarie 0 Ppgeudobensmaxkvattie (§2) were set to
Zero.

Expected algorithm error results for the seven coning correction
algorithms in random coning environments are presented in Table 2.
Figures 2 and 3 present absolute value plots of resulting algorithm
normalized response 8¢3A1g0(9) and error éc,,.(2) for discrete
coning environments. Note in Fig. 2 that the response curves for
EXplDscrt, EXplRnd and Mk/TzFSr essentially overlap as do the
TrdXplDscrt and TrdFSr curves in Figs. 2 and 3.

Comparing algorithm errors under random environments, Table 2
shows that for coefficients designed without high-frequency
pseudoconing provisions, Extended Explicit algorithm perfor-
mance (EXplDscrt and EXplRnd) is superior to the others tested.
Adding high-frequency pseudoconing provisions to attenuate high-
frequency gain (EXpIRndwCtf) increases algorithm error, but within
the 0.0002 deg /hr design limit established for pseudoconing
amplitude selection (the basis for the coefficient design as discussed
previously). The associated impact on algorithm response perform-
ance is evident in Fig. 2, demonstrating how the Explicit technique
shapes the algorithm response to curtail the likelihood of high-
frequency pseudoconing error buildup in the attitude computation
(EXpIRndwCtf). A corresponding sacrifice in discrete coning
accuracy is also apparent in Fig. 3. When high-frequency pseudo-
coning is not of concern, Fig. 3 illustrates the balanced accuracy vs
frequency characteristic of the Extended Explicit compared with the
equivalent Mark/Tazartes Frequency-series algorithm (EXplDscrt or
EXplRnd vs Mk/TzFSr) over the frequency range for expected true
coning (B/7 from 0 to 0.2). The Mk/TzFSr algorithm sacrifices
midfrequency performance for high accuracy at lower frequencies. In
contrast, the Extended Explicit algorithms achieve balanced

1.E+01 5

—— EXplRnd
—— EXplIDscrt
—— MK/TzFSr
TrdXplDscrt
1.E+00 A TrdFSr —

e EXpIRNAWCHf
eor) [\‘/\

1.E-02 T
1.E-01 1.E+00 1.E+01

Fig. 2 Coning correction algorithm normalized response (N =4,
Ly = 4): 3¢ 514, (2) deg /h algorithm output per ®@¢y,pva () deg /h
input vs §/m.

1.E+01 5

1.E+00 4

1E01 ] //-
1.E02 / /
1.E-03 / /

] /

E / —— Bas
1.E-04 L / TrdXplDscrt
1.E-05 ] TrdFSr

/ MK/TZFSr
1.E-06 J= s EXpIRNAWCH

—— EXplRnd
1.E-07 4 = EXpIDsort
1.E-08
1.E-09 ] T -

1.E-02 1.E-01 1.E+00 1.E+01

Fig. 3 Coning correction algorithm discrete normalized error (N = 4,
Ly = 4): econe () deg /h error per @y epyvar () deg /h true coning vs
B/r.

Table 2 Coning correction algorithm errors in
random environment (N =4, L;; = 4)

Coning correction Error (deg /h)
algorithm

EXplDscrt 3.5801E -6
EXpIRnd 3.4543E -6
EXplRndwCtf 1.9893E — 4
Mk/TzFSr 6.3140E — 6
TrdXplDscrt 1.4118E -2
TrdFSr 1.4120E —2
Bas 0.4138E0

performance across the low to midfrequency range. All algorithms
investigated exhibited significant performance advantages in Table 2
and Fig. 3 compared with the Bas configuration which ignores
coning correction completely (i.e., equating ¢, to ¢; in Eq. (3)).

As expected, the traditional Explicit discrete and frequency-series
algorithms (TrdXplDscrt and TrdFSr) have the poorest performance
in Table 2 and Fig. 3 because they were not designed for operation
with filtered gyro inputs (as were the other algorithms), and all
performance figures in Table 2 and Fig. 3 are based on using Eq. (51)
gyro data filtering. Interestingly, the Fig. 2 algorithm response
characteristic for the TrdXplDscrt and TrdFSr algorithms have
superior high-frequency pseudoconing attenuation characteristics
compared with the other algorithms, the exception being the
EXpIRndwCtf algorithm which was explicitly designed for high-
frequency pseudoconing attenuation. It is also to be noted that if
performance evaluation was based on using unfiltered gyro data, the
converse of the Table 2 and Fig. 3 results would be obtained, i.e.,
TrdXplDscrt and TrdFSr would have significantly better accuracy
compared with the EXpl and MKFSr algorithms optimized for
filtered inputs. The lesson is that the algorithm design should be
selected to match the gyro input configuration for the intended
application.

Performance Comparison with References

Performance comparisons between results presented in this and
other referenced papers (particularly [5,6]) are not easily made
because of differences in evaluation methods used and, for the
Explicit algorithms, differences in their design criteria. Explicit
performance data in [6] is based on error-free gyro inputs; in contrast
this paper is based on filtered gyro inputs. Coefficients for Explicit
Discrete algorithms in the [6] design were based on a hypothetical
true coning environment for expected maneuver environments with
isolator amplification/attenuation; a uniform-with-cutoff profile was
used in this paper. The [3] performance equivalents to Figs. 2 and 3
are difficult to compare because [5] results are based on relative
normalization (i.e., divided by the desired algorithm response func-
tion [Eq. (17) herein], using the true or filtered value for d)Gyro (),
depending on whether the algorithm being evaluated was designed
for filtered or unfiltered inputs. One comparison that can safely be
made is between the EXpIRnd random environment error of 3.45E —
6 deg /hin Table 2 compared with the equivalent 2.55E — 6 deg /h
error for XpIRnd in Table 2 of [6]. The increased error for Table 2
herein is directly attributable to introducing the moving average
filter, the only difference in the two configurations. This illustrates
that adding a filter on gyro input data generally degrades dynamic
performance, hence, should be avoided unless necessary for other
reasons (e.g., to reduce quantization noise as discussed in [3,10]).
Note also, that use of a gyro filter adds an undesirable dynamic lag to
attitude algorithm outputs (half the averaging time for the moving
average filter analyzed in this paper: see Eq. (A2) of the appendix).

The concept of adding high-frequency pseudoconing attenuation
to the coning correction algorithm (as in the EXplRndwCtf config-
uration) is a generally desirable property as noted in [5], providing
that it has negligible impact on true coning computational accuracy.
This is easily achieved with the Extended Explicit technique by
applying the same method used for the EXpIRndwCtf design, but
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without the analytic filter in the coefficient design (unless it is used on
the actual gyro data). The filter was included in this paper to illustrate
how the Extended Explicit technique can be used to optimize
performance when operating with analytically definable pseudocon-
ing and, for performance evaluation, to generate Explicit coefficients
that are directly comparable to those of [5] designed using frequency-
series expansion for the same analytic pseudoconing configuration.

Conclusions

The extended Explicit Frequency Shaping method for coning
algorithm design is general, allowing coefficient optimization for
gyro inputs that may or not contain pseudoconing. For coefficient
determination, true and pseudoconing can be defined analytically or
numerically. The extended Explicit technique can be used to
compensate predictable pseudoconing error or, as a conservative
design practice, to create a high-frequency cutoff in the coning
algorithm response to attenuate potential pseudoconing effects that
may exist outside the expected true coning region. Comparisons
against previous frequency-series-based coning correction algo-
rithms show improved accuracy in discrete or random coning
environments.

Appendix: Moving Average Filter

A moving average filter calculates the average of the sequence of
current plus M — 1 past input values (M in total) at each filter output
sampling cycle. As the sampling time moves forward in time, the
averaging window moves forward to keep the average current. The
filter output y; at sample time i is analytically defined by

1
Yi= 7, Xig1—j (A1)
) P

where x, is the filter input at sample time i and M is the averaging size
(window). Reference [10] describes the moving average filter used
on gyro data in [3] to reduce quantization noise. The x; input to the
filter represents an integrated gyro sensed angular rate increment
over a small time interval §¢, the time between filter cycles (e.g., one
thousandth of the k cycle time period associated with Eq. (21) A,
sampling). Thus, y; represents the integrated input rate divided by M.
The Ag, integrated rate increment in Eq. (21) is then calculated by
summing M sequential y;s over a k cycle (as described in [10]). The
response of the filter to a unity amplitude sinusoidal angular rate
input is derived as the integrated angular rate over the filter time
window divided by M. For M set to correspond to the width of one &
cycle Ty (as in [10]), the result is

’l

1 [u 1
y,-:—/ sin2tdt = ———cos Q271
M t;i—Ty QM

t;i—T
1
=— W[COS Qt; —cos Q(t; — Ty)]
2 QT . T,
= QMsm > sin Q(tl- 2) (A2)

The i cycle x; input to the Eq. (A1) filter is the integrated sinusoidal
input over an i cycle [derived analogously to Eq. (A2)]:

i 2 . Q6 dt
X; = [,ﬂsr sinQ2tdr = ﬁsinTsin Q (ti - 5) (A3)

The filter transfer function F(S2) is defined as the ratio of the

Eq. (A3) y,; output amplitude to the Eq. (A2) x; input amplitude
which, for 6t =T, /M, is

F(Q) = (sin%)/(M sin%&)
(o2 /(a2
= (sm 5 )/(Msm 2M) (A4)

For QT, small compared with 2M, Eq. (A4) approximates to the [5]
and Eq. (51) form:

FQ) ~ (sin %) / (%) (AS)

A recursive computational algorithm for y; is the differential form
of Eq. (Al) (as illustrated in [10]):

1 & 1 M
yi= M;XHI—_/ v (Xi + ;XH —Xi—M)

1
=Yi1+ " (i — xi—m) (A6)

Direct implementation of Eq. (A6) can impose a formidable
throughput problem, depending on the manner used for generating
the x;_,, past value term. In general, x,_,, is obtained as the last entry
in a sequential reverse time file x, of M saved past x; values. A brute-
force approach would update the x, file at each filter cycle by,
beginning at element j = M, sequentially setting in reverse order
x,(j) to x,(j — 1), and ending with x(1) set to the current i cycle
sampled x; (i.e., M operations per filter i cycle).

An alternative method that imposes significantly less throughputis
based on recognition that for each i cycle only two locations in the x;
file are impacted with new data each i cycle; x,(1) which is set to the
latest x; value, and x, (M) which is discarded in the updating process.
The remaining x, elements are shifted into the adjacent locations,
intact at their previous values. The equivalent can be implemented for
less throughput but more memory using an x; file containing all past
x; values. The file would be structured in forward time so that the x;
element for the current x; entry is one increment higher than for the
previous entry. The result would require a file as long as the total
number of filter cycles expected over the application time. Another
approach requiring less throughput and less memory employs a
reverse time circular buffer x, file of length M for x; (as in [10]).

With an M element circular buffer, the file is treated as forming an
imaginary circle having an M element circumference such that
element M becomes adjacent to element 1 (analogous to the 360 deg
point on a closed circular arc relative to the 1 deg point). The point on
the circle M elements delayed from the current x; entry is located for
retrieval by a pointer index p that is decremented by one each filter
cycle, thereby traversing the circle by one element each filter cycle in
the direction of descending elements. When the pointer reaches
element O it is reset to M, indicating that a full circle has been
traversed (similar to identifying the O deg point on a closed circular
arc as the equivalent to 360). After using the pointer to retrieve the M
delayed x; element from x., the current x; input is entered M
increments delayed from the current pointer location in x., which,
because of file circularity, corresponds to placement in the xg,
location currently specified by the pointer. When the pointer is
decremented for the next filter cycle, the previously placed x;
location will then be M — 1 cycles delayed in the x, file from the new
pointer designation, to be retrieved M cycles later. The overall
concept is illustrated next as pseudocode:

p = p — 1! Updates x, circular buffer element M pointer index p
to maintain correspondence with M locations removed from the
current filter i cycle.

If (p. EQ. 0) p = M! Controls x, buffer circularity by identifying
the virtual element 0 location as being M cycles distant from element
1 in the M element x4, circular file.

Vi =Yi_1 + [x;i — x(p)]/M! calculates the current moving
average filter i cycle output.

X (p) = x;! inserts the current x; value into the x, file location
currently designated by pointer index p for retrieval M cycles later
for y; computation.

Repeat the above for each moving average filter i cycle.

The previous pseudocode represents the totality of computations
that would be required for the moving average filter each filter output
sample cycle.
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